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NOTES ON TENSOR TOMOGRAPHY ON RIEMANNIAN MANIFOLDS
WITH BOUNDARIES
JIAN ZHAI
Abstract. We summarize the proofs for the s-injectivity of the tensor tomography problem on
compact Riemannian manifolds with boundaries in [Dairbekov, Inverse Problems, 22: 431, 2006] and
[Paternain-Salo-Uhlmann, Math. Ann., 363: 305-362, 2015] under certain geometric assumptions.
1. Introduction
Let (M,g) be a compact simple d-dimensional Riemannian manifold with boundary ∂M . Recall
that a compact Riemannian manifold with boundary is called simple if the boundary ∂M is strictly
convex, and the exponential map expp : TpM ⊃ exp
−1
p (M) → M is a diffeomorphism for any
p ∈M . We use the notation TM for the tangent bundle of M , and SM for the unit sphere bundle,
defined as SM = {(x, v) ∈ TM ; |v|g = 1}. Denote ∂+(SM) = {(x, v) ∈ SM ; x ∈ ∂M, 〈v, ν〉g < 0},
where ν is the unit outer normal vector field to the boundary.
The geodesic ray transform Imf of a smooth symmetric m-tensor f is given by the following
formula
(1) Imf(x, v) =
∫ τ(x,v)
0
fi1···im(γ(t))γ˙(t)
i1 · · · γ˙(t)imdt,
where (x, v) ∈ ∂+(SM) and γ(t) = γx,v(t) is the unit-speed geodesic given by the initial conditions
(γ(0), γ˙(0)) = (x, v). Here τ(x, v) is the time when the geodesic γx,v exits the manifold M .
The geodesic ray transform for the case m = 2 arises from the linearization of the boundary
rigidity and lens rigidity problem. We refer to [8] for detailed explanations. If one only considers
the rigidity problems in the same conformal class, the problem reduces to the case m = 0. For the
case m = 1, an important application is the ultrasound Doppler tomography [7]. The case m = 4
is related with the elastic qP -wave travel-time tomography in weakly anisotropic medium [2, 19].
See [12, 6] for an overview of tensor tomography problems.
It is clear that if h is a symmetric (m − 1)-tensor with h|∂M = 0, then Im(d
sh) = 0. Here
ds = σ∇, where ∇ is the Levi-Civita connection with respect to g and σ is the symmetrization.
The operator Im is said to be s-injective if Imf = 0 implies that f = d
sh for some h satisfying
h|∂M = 0.
The s-injectivity of Im has been studied extensively under the simplicity assumptions on (M,g).
For d ≥ 2, the injectivity of I0 was established in [9, 10], and s-injectivity of I1 in [1]. In dimension
d = 2, it was proved in [11] that Im is s-injective for arbitrary m, while for the case m = 2 it
was proved earlier in [18] following the proof for the boundary rigidity problem in [17]. In higher
dimensions d ≥ 3, the problem for m ≥ 2 remains to be open. It was however shown in [20] that the
s-injectivity of I2 is true for a generic simple metric g. Under stronger geometric conditions, such as
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an explicit upper bound of the sectional curvature, the s-injectivity is also proved [16, 19, 3, 13]. We
will summarize the work in [3, 13], which establish the s-injectivity under some condition sufficiently
implied by an explicit curvature bound [3, Proposition 1.4]. Let us introduce such condition in the
following.
Following [15, 13], we say that (M,g) is free of β-conjugate points if, for any geodesic γ and J a
nonzero vector field along γ satisfying the equation
(2) D2t J + βR(J, γ˙)γ˙ = 0
with J(0) = 0, then J only vanishes at t = 0. Here Dt is the covariant derivative and R is the
Riemann curvature tensor. It is worth mentioning that if (M,g) is free of β0-conjugate points, it is
also free of β-conjugate points for any β ∈ [0, β0). Note that a simple manifold is free of 1-conjugate
points, since the equation (2) with β = 1 is the usual Jacobi equation. If (M,g) has non-positive
curvature, then it is free of β-conjugate points for any β ≥ 0. See [13] for more discussions.
Let β
(1)
d,m =
m(d+m)
d+2m−1 and β
(2)
d,m =
m(d+m−1)
d+2m−2 . Note that β
(1)
d,m ≥ β
(2)
d,m ≥ 1, where the equalities only
hold when m = 1. The following theorem is proved in [3]:
Theorem 1. [3, Theorem 1.1] Let d ≥ 2, m ≥ 1. Suppose (M,g) is a compact simple Riemannian
manifold free of β
(1)
d,m-conjugate points. Then Im is s-injective.
Then in [13], the result is improved to:
Theorem 2. [13, Theorem 1.6] Let d ≥ 2, m ≥ 1. Suppose (M,g) is a compact simple Riemannian
manifold free of β
(2)
d,m-conjugate points. Then Im is s-injective.
The purpose of these notes is to provide a concise and unified presentation of the proofs in the
two articles [3, 13].
Another powerful method to study the geodesic ray transform in dimension d ≥ 3 is introduced
by Uhlmann and Vasy [22], where they proved that a modified version of the normal operator I∗0I0,
localized near a convex boundary point, is elliptic as a “scattering pseudodifferential operator”.
This yields the injectivity of I0 under the condition that (M,g) admits a strictly convex function.
This condition is extensively studied (see [14] and the references therein). The results were then
generalized to case m = 1, 2 [21] and m = 4 [5].
2. Preliminaries
In this section, we introduce the notations and fundamental integral identities needed for the
proof of the main theorems.
It is known that any smooth symmetric m-tensor f admits the Helmholtz decompostion as
f = f s + dsp
with p|∂M = 0, and δf
s = 0, where δ is the divergence operator (−δ is the formal adjoint of ds).
The tensor fields f s and dsp are called the solenoidal and potential parts of the tensor f . To show
the s-injectivity of Im, one only needs to show that Im is injective on solenoidal tensors. So from
now on, we assume δf = 0.
The tensor f can be associated with a smooth function on SM , still denoted by f , in the following
way
f(x, v) = fi1i2···im(x)v
i1vi2 · · · vim .
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For any (x, v) ∈ SM , let ϕt(x, v) = (γx,v(t), γ˙x,v(t)) denote the geodesic flow of the Riemannian
metric g acting on SM . Define
u(x, v) =
∫ τ(x,v)
0
f(ϕt(x, v))dt.
Denote X : C∞(SM)→ C∞(SM) to be the geodesic vector field associated with ϕt, i.e.,
Xu(x, v) = ∂tu(ϕt(x, v))|t=0.
Then if Imf = 0, we have
(3) Xu = −f, in SM, u|∂(SM) = 0.
The proof of Theorems 1 and 2 is based on the energy estimates for the transport equation (3)
on the unit sphere bundle SM . We will use some concepts and notations introduced in [13] (see
also [6] for more details). Consider the natural projection pi : SM →M . Let V denote the vertical
subbundle of TSM given by V = ker dpi. With respect to the Sasaki metric on SM , we have the
orthogonal splitting of TSM as
TSM = RX ⊕H⊕ V.
For a smooth function u ∈ C∞(SM), using the above splitting, we can write the gradient ∇SMu
as
∇SMu = ((Xu)X,
h
∇u,
v
∇u).
Denote by Z the set of smooth functions Z : SM → TM such that Z(x, v) ∈ TxM and 〈Z(x, v), v〉 =
0 for all (x, v) ∈ SM . Then
v
∇u,
h
∇u ∈ Z. We have X : C∞(SM) → C∞(SM) and
v
∇,
h
∇ :
C∞(SM)→ Z. We can also let X act on Z as follows
XZ(x, v) :=
DZ(ϕt(x, v))
dt
∣∣∣
t=0
.
Note that X : Z → Z as discussed in [13]. Let N denote the subbundle of pi∗TM , such that
N(x,v) = {v}
⊥. Then Z coincides with the smooth sections of the bundle N . Using the natural L2-
inner product on N , and the L2-inner product on C∞(SM), one can introduce the formal adjoints
of
v
∇ and
h
∇ as −
v
div : Z → C∞(SM) and −
h
div : Z → C∞(SM). Also X∗ = −X whenever acting
on C∞(SM) or Z. Let R(x, v) : {v}⊥ = {v}⊥ be the operator given by R(x, v)w = Rx(w, v)v,
where Rx is the Riemannian curvature tensor.
The following commutator formulas are needed to derive a set of integral identities.
Lemma 1. [13, Lemma 2.1] The following commutator formulas hold:
[X,
v
∇] = −
h
∇, [X,
h
∇] = R
v
∇,
h
div
v
∇−
v
div
h
∇ = (d− 1)X
on C∞(SM), and
[X,
v
div] = −
h
div, [X,
h
div] = −
v
divR
on Z.
The following Pestov identity plays a crucial role in the proof of the main result.
Proposition 1. [13, Proposition 2.2 and Remark 2.3] For any u ∈ C∞(SM) with u|∂(SM) = 0,
(4) ‖
v
∇Xu‖
2 = ‖X
v
∇u‖
2 − (R
v
∇u,
v
∇u) + (d− 1)‖Xu‖
2.
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For the proof of the above identity, as well as the integral identities below, one needs to repeatedly
use integration by parts: for u ∈ C∞(SM) and Z ∈ Z we have
(
v
∇u,Z) = −(u,
v
divZ);
if u,w ∈ C∞(SM) and Z ∈ Z with u|∂(SM) = 0, we have
(Xu,w) = −(u,Xw), (
h
∇ u,Z) = −(u,
h
divZ);
if Z,W ∈ Z with Z|∂(SM) = 0, we have
(XZ,W ) = −(Z,XW ).
For more details, we refer to [13].
Consider the vertical Laplacian
∆ := −
v
div
v
∇ : C
∞(SM)→ C∞(SM).
Since ∆u(x, v) coincides with the Laplacian of the function v 7→ u(x, v) on the manifold (SxM,gx),
the Hilbert space L2(SM) admits an orthogonal decomposition
L2(SM) =
⊕
k≥0
Hk(SM),
where ∆uk = k(k + d − 2)uk for any uk ∈ Ωk := Hk(SM) ∩ C
∞(SM). For any u ∈ L2(SM), we
write this decomposition as
u =
∞∑
k=0
uk, uk ∈ Hk(SM).
Note that Ωk can be identified with the smooth trace-free symmetric k-tensors. Therefore for f
associated with a smooth symmetric m-tensor, the tensor decomposition simplifies to
f =
[m/2]∑
k=0
fm−2k ∈
[m/2]⊕
k=0
Ωm−2k.
For more details see [4]. We have
‖
v
∇ f‖
2 = (
v
∇ f,
v
∇ f) = (∆f, f) =
[m/2]∑
k=0
(m− 2k)(m − 2k + d− 2)‖fm−2k‖
2
≤ m(m+ d− 2)
[m/2]∑
k=0
‖fm−2k‖
2
= m(m+ d− 2)‖f‖2.
(5)
The above inequality resembles [3, Lemma 5.2] (cf. [19, Lemma 4.5.3] also). Since f is divergence-
free, we have the following identity:
Lemma 2. If f is a smooth symmetric m-tensor satisfying δf = 0, then
(6)
h
div
v
∇ f +mXf = 0.
The proof of this lemma follows from tedious calculations, which will be given in the appendix.
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Proposition 2. For u satisfying Xu = −f with δf = 0 and u|∂(SM) = 0, we have
(7) ‖X
v
∇u‖
2 − ‖
v
∇Xu‖
2 − ‖
h
∇u‖
2 − 2m‖Xu‖2 = 0.
Proof. We start with the identity
X
v
∇u =
v
∇Xu−
h
∇u,
which follows Lemma 1. Then, using (6), we have
‖X
v
∇u‖2 =‖
v
∇Xu‖2 + ‖
h
∇u‖2 − 2(
v
∇Xu,
h
∇u)
=‖
v
∇Xu‖2 + ‖
h
∇u‖2 + 2(
h
div
v
∇Xu, u)
=‖
v
∇Xu‖
2 + ‖
h
∇u‖
2 − 2m(XXu, u)
=‖
v
∇Xu‖2 + ‖
h
∇u‖2 + 2m‖Xu‖2.

We will also use
Proposition 3. For u satisfying Xu = −f with δf = 0 and u|∂(SM) = 0, we have
(8) ‖
h
∇u‖
2 + (d− 1 + 2m)‖Xu‖2 − (R
v
∇u,
v
∇u) = 0.
Proof. The identity (8) follows directly from (4) and (7). But we still give a “from scratch” proof
here. We start from (6) and calculate using the commutator formulas in Lemma 1:
0 =(u,
h
div
v
∇ f +mXf)
=− (u,
h
div
v
∇Xu+mXXu)
=(
h
∇u,
v
∇Xu) +m(Xu, Xu)
=(
h
∇u, X
v
∇u+
h
∇u) +m(Xu, Xu)
=‖
h
∇u‖
2 +m‖Xu‖2 + (
h
∇u, X
v
∇u)
=‖
h
∇u‖2 +m‖Xu‖2 − (X
h
∇u,
v
∇u)
=‖
h
∇u‖
2 +m‖Xu‖2 − (
h
∇Xu,
v
∇u)− (R
v
∇u,
v
∇u)
=‖
h
∇u‖
2 +m‖Xu‖2 + (
v
div
h
∇Xu, u)− (R
v
∇u,
v
∇u)
=‖
h
∇u‖
2 +m‖Xu‖2 + (
h
div
v
∇Xu, u) + (d− 1)(Xu, Xu)− (R
v
∇u,
v
∇u)
=‖
h
∇u‖2 +m‖Xu‖2 − (mXXu, u) + (d− 1)(Xu, Xu)− (R
v
∇u,
v
∇u)
=‖
h
∇u‖
2 + (d− 1 + 2m)‖Xu‖2 − (R
v
∇u,
v
∇u).

Remark 1. Notice that the formulas (5), (6), (7), (8) look different than their counterparts Lemma
5.2, Lemma 5.1 (2), (5.14), (5.6) in [3]. This is because that we use the operators
v
∇,
h
∇,
v
div,
h
div as
defined in [13], which are different than those used in [3].
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We also need to following lemma (cf. [13, Remark 11.3] and [3, Lemma 5.3]).
Lemma 3. Assume (M,g) is free of β-conjugate points, then
‖XZ‖2 − β(RZ,Z) ≥ 0
for every Z ∈ Z with Z|∂(SM) = 0. The equality holds only when Z = 0.
3. Proof of Theorem 1 and Theorem 2
Now we are ready to present the proof of the main theorems. We start with the transport
equation (3) with δf = 0, and show that f = 0.
Proof of Theorem 1. Take (7) + (8)× β
(1)
d,m, we obtain
0 =‖X
v
∇u‖2 − β
(1)
d,m(R
v
∇u,
v
∇u) + (β
(1)
d,m − 1)‖
h
∇u‖2 − ‖
v
∇Xu‖2 − (2m− β
(1)
d,m(2m+ d− 1))‖Xu‖
2
=‖X
v
∇u‖
2 − β
(1)
d,m(R
v
∇u,
v
∇u) + (β
(1)
d,m − 1)‖
h
∇u‖
2 − ‖
v
∇Xu‖
2 +m(m+ d− 2)‖Xu‖2.
Notice that β
(1)
d,m − 1 ≥ 0 and recall that (cf. (5))
m(m+ d− 2)‖Xu‖2 − ‖
v
∇Xu‖2 ≥ 0.
We have
(9) ‖X
v
∇u‖
2 − β
(1)
d,m(R
v
∇u,
v
∇u) ≤ 0,
and therefore
v
∇u = 0 by Lemma 3 if (M,g) is free of β
(1)
d,m-conjugate points. Then using (8), we
get f = Xu = 0. 
Next, we improve the result to Theorem 2 using one more trick.
Proof of Theorem 2. We will use the following inequality:
0 ≤ ‖γ
v
∇Xu+
h
∇u‖2 =γ2‖
v
∇Xu‖2 + ‖
h
∇u‖2 + 2γ(
v
∇Xu,
h
∇u)
=γ2‖
v
∇Xu‖2 + ‖
h
∇u‖2 − 2γ(
h
div
v
∇Xu, u)
=γ2‖
v
∇Xu‖
2 + ‖
h
∇u‖
2 − 2γm‖Xu‖2.
(10)
for any real number γ. Taking (7) + (8)× β − (10)× (β − 1) with β ≥ 1, we obtain
0 ≥ ‖X
v
∇u‖2−β(R
v
∇u,
v
∇u)−((β−1)γ2+1)‖
v
∇Xu‖2+(−2m+2mβ+dβ−β+2γ(β−1)m)‖Xu‖2
for any real γ and β ≥ 1. Notice that if
m(m+ d− 2)((β − 1)γ2 + 1) ≤ (−2m+ 2mβ + dβ − β + 2γ(β − 1)m),
or equivalently,
β ≥ 1 +
m(m+ d− 2)− d+ 1
2mγ − γ2m(m+ d− 2) + 2m+ d− 1
:= βd,m(γ),
we have
−((β − 1)γ2 + 1)‖
v
∇Xu‖
2 + (−2m+ 2mβ + dβ − β + 2γ(β − 1)m)‖Xu‖2 ≥ 0.
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Here 2mγ − γ2m(m+ d − 2) + 2m + d − 1 (which is quadratic in γ) needs to be positive. Notice
that βd,m(γ) ∈ [1,∞) attains the minimal value
m(m+d−1)
2m+d−2 = β
(2)
d,m at γ =
1
m+d−2 := γd,m. Thus
‖X
v
∇u‖
2 − β
(2)
d,m(R
v
∇u,
v
∇u) ≤ 0.
Notice that the above inequality improves (9). Arguing as in the proof of Theorem 1, one can finish
the proof. 
Appendix A. Proof of Lemma 2
Let x = (x1, x2, · · · , xd) be local coordinates in M , and (x, y) be the associated local coordinates
on TM , where the tangent vector looks like y = yi ∂
∂xi
. In the local coordinates, the divergence
operator δ is defined as
(δf)i1i2···im−1 := fi1i2···im; jg
imj = (∂xjfi1i2···im −
m∑
s=1
Γpjisfi1···is−1pis+1···im)g
imj .
Thus δf = 0 implies
0 = δf(x, v) = (δf)i1i2···vm−1v
i1vi2 · · · vim−1 =∂xjfi1i2···im−1img
imjvi1vi2 · · · vim−1
− Γpkjg
kjfi1i2···im−1pv
i1vi2 · · · vim−1
− (m− 1)Γpjim−1fi1i2···im−2pimg
imjvi1vi2 · · · vim−1 .
For u ∈ C∞(SM), we have the following form of the vector fields X,
v
∇,
h
∇ as in [13, Appendix A]:
Xu = vjδju,
v
∇u = (∂
ku)∂xk ,
h
∇u = (δju− (vkδku)v
j)∂xj ,
where
δju = (∂xj − Γ
ℓ
jky
k∂yℓ)u(x,
y
|y|
)|SM =: δxju(x,
y
|y|
)|SM ,
∂ku = ∂yku(x,
y
|y|
)|SM .
Here |y| = |y|g =
√
gαβyαyβ. On Z = Z
j∂xj ∈ Z, the operators X,
v
div,
h
div are given as
XZ(x, v) = (XZj)∂xj + Γ
ℓ
jkv
jZk∂xℓ ,
v
divZ = ∂jZ
j,
h
divZ = (δj + Γj)Z
j .
Here Γj = Γ
k
jk.
Using the above expressions in local coordinates, we calculate
∂yℓ(fi1i2···im |y|
−myi1yi2 · · · yim) =mfi1i2···im−1ℓ|y|
−myi1yi2 · · · yim−1
−mfi1i2···im |y|
−m−2yi1yi2 · · · yimyℓ,
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and
δxj (fi1i2···im |y|
−myi1yi2 · · · yim) =∂xjfi1i2···im |y|
−myi1yi2 · · · yim
−mΓℓjkfi1i2···im−1ℓ|y|
−myi1yi2 · · · yim−1yk
+mΓℓjkfi1i2···im |y|
−m−2yi1yi2 · · · yimyℓy
k
−
m
2
|y|−m−2∂xkgαβy
αyβ(fi1i2···imy
i1yi2 · · · yim).
Then we have
Xf = vjδjf =∂xjfi1i2···imv
i1vi2 · · · vimvj −mΓℓjkfi1i2···im−1ℓv
i1vi2 · · · vim−1vkvj
+mΓℓjkfi1i2···imv
i1vi2 · · · vimvℓv
kvj −
m
2
fi1i2···im∂xkgαβv
αvβvi1vi2 · · · vimvk,
and
v
∇ f = (mfi1i2···im−1ℓv
i1vi2 · · · vim−1gℓk −mfi1i2···imv
i1vi2 · · · vimvk)∂xk .
Denote
v
∇ f = Zk∂xk , where Z
k = mfi1i2···im−1ℓv
i1vi2 · · · vim−1gℓk −mfi1i2···imv
i1vi2 · · · vimvk. Then
we calculate
δjZ
j =m∂xjfi1i2···im−1ℓv
i1vi2 · · · vim−1gℓj +mfi1i2···im−1ℓv
i1vi2 · · · vim−1∂xjg
ℓj
−m∂xjfi1i2···imv
i1vi2 · · · vimvj −m(m− 1)Γpjqv
qfi1i2···im−2pℓv
i1vi2 · · · vim−2gℓj
+m(m− 1)Γpjqv
qfi1i2···im−1ℓv
i1vi2 · · · vim−1gℓjvp +m
2Γpjqv
qfi1i2···im−1pv
i1vi2 · · · vim−1vj
+mΓjjqv
qfi1i2···vmv
i1vi2 · · · vim −m(m+ 1)Γpjqv
qfi1i2···imv
i1vi2 · · · vimvjvp
−
m(m− 1)
2
fi1i2···im−1ℓv
i1vi2 · · · vim−1gℓj(∂xjgαβ)v
αvβ
+
m(m+ 1)
2
fi1i2···imv
i1vi2 · · · vimvj(∂xjgαβ)v
αvβ ,
and
ΓjZ
j = mΓjfi1i2···im−1ℓv
i1vi2 · · · vim−1gℓj −mΓjfi1i2···imv
i1vi2 · · · vimvj .
Using the facts ∂xjgαβ = Γ
i
αjgiβ + Γ
i
βjgiα and ∂xjg
jℓ = −Γpg
pℓ − Γℓkpg
kp, we obtain
h
div
v
∇ f +mXf
=−mΓpjqv
qfi1i2···imv
i1vi2 · · · vimvjvp +mfi1i2···imv
i1vi2 · · · vimvjΓiαjgiβv
αvβ
+mΓjfi1i2···im−1ℓv
i1vi2 · · · vim−1gℓj −mfi1i2···im−1ℓv
i1vi2 · · · vim−1(Γpg
ℓp + Γℓpkg
kp)
+m∂xjfi1i2···im−1ℓv
i1vi2 · · · vim−1gℓj −m(m− 1)Γpjqv
qfi1i2···im−2pℓv
i1vi2 · · · vim−2gℓj
=m(δf)i1i2···im−1v
i1vi2 · · · vim−1
=0.
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